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Abstract
In this study, we present a comparative investigation of linear and branched wormlike micelles using two nonlinear rheological tools:
orthogonal superposition rheology and large amplitude oscillatory shear (LAOS) rheology. The surfactants were a series of mixtures of octyl
trimethyl ammonium bromide (C8TAB) and sodium oleate (NaOA). A transition from linear to branched wormlike micelles was obtained by
either varying the relative ratio of NaOA to C8TAB at a fixed total surfactant concentration or by fixing the ratio of NaOA to C8TAB and
varying the total surfactant concentration. Orthogonal superposition rheology imposes a small amplitude oscillatory shear strain over an
orthogonally imposed shear flow to probe the effect of shear on the storage and loss modulus of the fluid. For both the linear and branched
wormlike micelle solutions, the plateau modulus, the relaxation times, and the dynamic viscosity were all found to be sensitive to the
strength of the orthogonally imposed shear rate. However, the nonlinear effects were much more pronounced for the case of the branched
wormlike micelle solutions. This is likely due to a break-down of the branched wormlike micelles under flow which can be inferred from the
decrease in the plateau modulus and the subsequent increase in the calculated mesh size of the entangled micelle network with increasing
orthogonal shear-rate. In the LAOS measurements, both the linear and branched wormlike micelles exhibited a qualitatively similar trend in
the viscoelastic nonlinearities as the strain amplitude of the imposed oscillatory flow was increased. However, the strength of viscoelastic
nonlinearities, both within an oscillatory cycle and with increasing strain amplitude, of the branched wormlike micelles was found to be significantly larger than those observed for the linear wormlike micelles. Additionally, at large strain amplitudes, the Lissajous-Bowditch plots
of the branched wormlike micelle solutions were found to exhibit a secondary loop resulting from a negative elastic modulus. This is indicative of a stress overshoot and likely the result of a cyclical breakdown and reformation of the underlying wormlike micelle entangled strucC 2016 The Society of Rheology. [http://dx.doi.org/10.1122/1.4965435]
ture during an oscillatory cycle. V

I. INTRODUCTION
The high volume of publications in the recent rheology
literature on the topic of nonlinear viscoelasticity measurements has demonstrated the desire by the broader rheological
community for new experimental techniques to measure the
nonlinear response of complex fluids and the need for clarity
in the physical interpretation of these measurements. Here,
we will focus on two different nonlinear shear rheology techniques, large amplitude oscillatory shear (LAOS) [1–3] and
Orthogonal Superposition Rheology (OSP) [4,5]. These techniques will be applied to a series of wormlike micelle solutions with the goal of discovering a nonlinear rheological
fingerprint that can distinguish between linear and branched
wormlike micelles. In this work, these two very different
techniques will be directly compared and contrasted with the
pros and cons of each explored in some detail.

a)

Author to whom correspondence should be addressed; electronic mail:
rothstein@ecs.umass.edu

Both LAOS and orthogonal superposition utilize oscillatory shear flows over a wide range of frequencies to probe the
relaxation modes of the complex fluids. Both techniques allow
for the measurement of storage and loss moduli (or the
dynamic viscosity). The main difference in these two techniques is how the transition from the linear to the nonlinear
response of the material is achieved. In OSP, a small amplitude oscillatory shear (SAOS) flow is superimposed upon a
steady shear flow perpendicular to the direction of the shear
flow. As these two shear flows are orthogonal, the response
can be decoupled (in contrast to parallel superimposed oscillatory shear [6]), and as a result, the data can be interpreted
using standard SAOS rheological material functions to understand the response of rheologically complex fluids and the
variation of the fluid’s microstructure under a nonlinear steady
shear flow. In LAOS, the nonlinearity is achieved by increasing the amplitude of the imposed sinusoidal oscillations. The
resulting flow is more complicated with the shear rate and
strain varying throughout the oscillatory cycle and a new set
of rheological functions is needed to interpret the results. The

C 2016 by The Society of Rheology, Inc.
V

J. Rheol. 60(6), 1331-1346 November/December (2016)

0148-6055/2016/60(6)/1331/16/$30.00

1331

1332

KHANDAVALLI et al.

advantage of LAOS (and complementarity to OSP) is that the
transition from linear to nonlinear response can be observed
for the resting sample without an alteration of the underlying
structure of the fluid.

rheometry, the linear viscoelastic (LVE) response of the fluid
can be probed in one direction as a constant, nonlinear steady
shear flow is applied in an orthogonal direction.
B. LAOS

A. OSP
Orthogonal superposition measurements have received little attention compared to the recent emphasis on the literature on LAOS. This is primarily the result of the technical
complexity of implementing an orthogonal superposition
experiment. Although parallel superposition measurements
and LAOS are currently available on commercial shear rheometers, until very recently orthogonal superposition measurements were only accessible using home-built devices
which utilize the force rebalancing normal force transducer
to impose a vertical oscillation on top of rotational shear
flow in a double wall Couette cell like the one shown schematically in Fig. 1 [5]. In addition, due to the limitations in
the range of the normal force transducers, these measurements are limited to fluids with relatively high viscosities.
In orthogonal superposition, a steady rotational shear flow
is introduced using a double wall Couette such that
c_ jj ¼ c_ rh ¼ constant:

(1)

Superimposed upon this steady shear is a small amplitude
oscillatory shear flow along the vertical axis of the Couette
cell such that
c_ ? ¼ c_ rz ¼ c0 x cos ðx1 tÞ;

(2)

where c0 and x1 are input strain amplitude and frequency,
respectively. The resulting oscillating force has the same frequency as the applied shear field, but with a phase shift. In
[5], they demonstrated how the measured force signal could
be converted into a storage and loss modulus, G0 and G00 ,
with knowledge of the flow geometry and proper calibration
of the instrument to account for the mass of the fixture, the
spring constant of the instrument, and the friction coefficient
of the force transduce. Thus using orthogonal superposition

FIG. 1. Schematic diagram of the orthogonal superposition setup using a
specially modified double wall Couette cell.

LAOS was previously analyzed by Khandavalli and
Rothstein [59]. Because of the importance of LAOS to the
results in this article, we will review that analysis in this section. LAOS flow is an extension of small amplitude oscillatory shear to larger strains. In dynamic oscillatory shear
rheology, a sinusoidal strain signal is imposed on a material
given as
cðtÞ ¼ c0 sinðx1 tÞ;

(3)

where c0 and x1 are input strain amplitude and frequency,
respectively. For small strain amplitudes, the resulting
stress response is also sinusoidal. The LVE response is represented as
rðtÞ ¼ c0 ½G01 ðx1 Þ sinðx1 tÞ þ G001 ðx1 Þ cosðx1 tÞ;

(4)

where the in-phase and out-of-phase components of the
stress response are termed as storage modulus, G01 ; and loss
modulus, G001 : When the input strain amplitude is increased
beyond a critical value, the stress response becomes nonlinear and can be represented as
rðt; c; xÞ ¼

X

rn sin ðnx1 t þ dn Þ;

(5)

where additional higher harmonic stress components (n > 1)
are present in the stress response. Therefore, the moduli G01
and G001 , which are based on the fundamental frequency, do
not fully describe the mechanical behavior beyond the LVE
limit and the higher harmonics cannot be ignored. One common method to examine a nonlinear response is by performing a Fourier transform and examining the frequency
spectrum [7,8]. The intensity of higher stress harmonics are
an indication of the degree of nonlinearity. This method has
been a valuable tool for characterizing nonlinear behavior for
several materials such as, polymer melts, filled rubbers
[9,10], suspensions and emulsions [11–14]. Only odd harmonics appear in the nonlinear region, and the appearance is
assumed due to odd symmetry with respect to the directionality of shear strain [15]. The appearance of even harmonics in
the Fourier spectrum can be attributed to the presence of secondary flows [16] and asymmetric wall slip or edge effects
[17]. However, Fourier transform rheology lacks a direct
physical interpretation of the material response. Another
common method for investigating the nonlinear response is
to follow a graphical approach, where stress versus strain
curves known as Lissajous-Bowditch curves are studied. The
nonlinear behavior of the material can be identified from the
shape of the Lissajous-Bowditch or stress versus strain curve,
as follows: Linear—purely elastic; circle—purely viscous;
ellipse—LVE; and distorted ellipse—nonlinear viscoelastic.
Thus, the progressive transition from linear to nonlinear viscoelastic nature of the material with strain amplitude can be
studied from the graphical representation. The total stress can
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further be decomposed into elastic and viscous components
through simple algebraic manipulations using the even and
odd nature of the trigonometric functions [18]. Extending
Cho’s stress decomposition method [18], Ewoldt et al. [2]
proposed more physically meaningful nonlinear viscoelastic
measures by representing elastic and viscous stresses through
orthogonal Chebyshev polynomials of the first kind. Based
on this, Ewoldt et al. [2] also defined nonlinear viscoelastic
moduli based on the local material response at small and
large instantaneous strains/strain-rates in an oscillatory cycle
[2]. The nonlinear elastic material parameters are given in
terms of Fourier coefficients as
G0M


X
dr 
¼
¼
nG0 n ;

dc c¼0 n¼odd


X
r
ðn1Þ=2
¼
G0 n ð1Þ
;
G0L ¼ 
c c¼6c0 n¼odd

(6)

(7)

where G0M is the dynamic modulus measured at minimum
strain and G0L is the dynamic modulus measured at maximum
strain. These measures can be obtained from Fourier coefficients or from numerical differentiation of the material
response. In the linear-viscoelastic regime, these measures
reduce to first harmonic moduli, G0M ¼ G0L ¼ G01 ðx0 Þ.
Similarly, the corresponding nonlinear viscous material
properties are given as
g0M


dr 
1 X
ðn1Þ=2
¼
¼
nG00n ð1Þ
;

_
dc c_ ¼0 xn n¼odd

r
1 X 00
¼
G ;
g0L ¼ 
c_ c_ ¼6_c 0 xn n¼odd n

(8)

(9)

where g0M is the dynamic viscosity measured at minimum
strain-rate and g0L is the dynamic viscosity measured at maximum strain-rate. From these measures, the dominant intracycle viscoelastic nonlinearities can also be captured with a
single descriptor. The elastic nonlinearity is quantified as the
strain-stiffening ratio, S, given by
S¼

G0L  G0M
:
G0L

(10)

The intracycle elastic nonlinearity is strain-stiffening when
S > 0 and is strain-softening when S < 0. The corresponding
intracycle viscous nonlinearity, quantified as shear-thickening
ratio, T, is given by
g0  g0
T ¼ L 0 M:
gL

(11)

For the case when T > 0, the behavior is intracycle shearthickening and is intracycle shear-thinning when T < 0. A
detailed description of the nonlinear viscoelastic measures
can be found in [1] and [2].
In addition to studying the nonlinearity within an oscillatory cycle (intracycle) through the local nonlinear viscoelastic moduli described above, further insights into the origins
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of the observed nonlinearity can be gained by examining the
change in the viscoelastic nonlinear material properties with
increasing imposed strain amplitude (intercycle) [2]. Within
an oscillatory cycle, the strain and strain rate vary orthogonally. As a result, as the strain is maximized within a cycle,
the strain rate goes to zero and vice versa. Thus, the nonlinear
viscoelastic response within a given cycle can be affected by
the varying strain and/or the varying strain-rate. For the case
of elastic nonlinearities, the variation of the large-strain modulus, G0L , with increasing imposed strain amplitude can be
attributed to strain-induced nonlinearities since the strain rate
at maximum strain is zero. Similarly, the variation of the corresponding minimum-strain modulus, G0M , with increasing
imposed strain-amplitude can be attributed to strain-rate
induced nonlinearities as the modulus is evaluated at the point
of zero strain within an oscillatory cycle. Thus, changes to G0L
can be thought of as strain softening or strain hardening while
changes to G0M can be thought of as strain-rate softening or
strain-rate hardening. By comparing the relative magnitude of
G0M and G0L , as a function of strain amplitude, one can infer
whether the observed nonlinearities are dominated by changes
in strain or strain rate. As a consequence, when the magnitude
of G0M  G0L , we will designate the nonlinear response of the
fluid to be strain-rate hardening/softening while if the magnitude G0M  G0L , we will designate the fluid’s nonlinear
response to be strain hardening/softening. In a similar manner,
the dependence of the viscous nonlinearity on the amplitude
of the imposed strain or strain-rate within an oscillatory cycle
can be studied by examining the intercycle variation of the
local nonlinear dynamic viscosity measures, g0M and g0L . As
before, since g0L is evaluated at the maximum strain rate and
g0M is evaluated when the strain rate is zero and the strain is
maximized, changes to g0L can be thought of as strain-rate
thinning or strain-rate thickening, while changes to g0M can be
thought of as strain thinning or strain thickening. If the magnitude of g0L  g0M , then the viscous nonlinearities can be considered dominated by strain-rate thickening/thinning effect;
while if the magnitude of g0L  g0M , then the viscous nonlinearities can be thought of as dominated by strain thickening/
thinning effects.
It should be noted that this softening, hardening, thickening, and thinning is not the response of the intrinsic sample
at rest to the rate or deformation, but rather the response of
the microstructural state that the sample takes on under this
quasi-steady nonlinear deformation.
C. Wormlike micelle solutions
Surfactants are amphiphilic molecules which have both a
hydrophilic head, which is often charged, and a relatively
short hydrophobic tail. When the surfactant molecules are
dissolved in water above their critical micelle concentration
(CMC), they can spontaneously self-assemble into large
aggregates known as micelles [19–22]. These large aggregates can form a number of different complex shapes
depending on the size of the surfactant head group, the
length and number of tails, the charge on the surfactant, the
salinity of the solution, and the flow conditions [19]. A considerable amount of research has been performed over the
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past few years to investigate the morphology, the phase transitions, and the rheology of different surfactant solutions
[21,23–26]. Of interest to us are surfactants which tend to
form wormlike micelles because at large enough surfactant
concentration these wormlike micelles can grow very long,
become flexible and entangle thereby making the solution
viscoelastic much like polymer solutions.
Although both wormlike micelle solutions and polymer
solutions can be viscoelastic, wormlike micelles are physically quite different from polymers. Whereas the backbone
of a polymer is covalently bonded and rigid, wormlike
micelles are held together by relatively weak physical attractions and as a result are continuously breaking and reforming
with time. In an entangled network, both individual polymer
chains and wormlike micelles can relieve stress through
reptation driven by the Brownian motion [20]. However,
unlike polymeric fluids, wormlike micelle solutions have
access to a number of stress relief mechanisms in addition to
reptation. Wormlike micelles can also relieve stress and
eliminate entanglement points by either breaking and
reforming in a lower stress state [21] or alternatively by creating a temporary branch point, which allows two entangled
micelles to pull right through each other, in thereby eliminating the entanglement point and relieving stress in what has
become known as a “ghostlike” crossing [27]. The reptation
and breakup relaxation mechanisms have characteristic time
scales of krep and kbr , respectively.
Lequeux and Candau [28] demonstrated that the phase
diagram of surfactant solutions that form wormlike micelle
solutions can be quite complex. Within the semidilute
regime, increasing salt concentration can drive the wormlike
micelles from linear to branched and finally to an interconnected saturated network. For a linear wormlike micelle, the
shape and area per unit surfactant molecule is optimized at
all positions along the backbone except at the ends [19].
When a linear micelle breaks, it must pay an energy penalty
by forming two new end caps. In this regime, the electrostatic repulsion of the head groups is strong enough that the
increased curvature of an endcap, which spreads the head
groups apart, is favored over the concave curvature of a
branch point which drives the charged head groups of the
surfactants closer together. However, as the salt concentration is increased and the head group charges are sufficiently
screened, the wormlike micelles can form three-point or
four-point junctions. Evidence of the existence of branched
micelles can be seen in Cryo-electron microscopy (cryo-EM)
images [29,30], inferred directly from Pulse Gradient SpinEcho nuclear magnetic resonance (PGSE NMR) measurements [31,32] and predicted by molecular dynamics simulations [33].
A number of branched wormlike micelle systems have
been developed recently and their shear rheology has been
well characterized [34–39]. In the experiments described in
this manuscript, we have chosen to focus on the mixed
anionic and cationic surfactants pioneered by Raghavan and
Kaler [37,38] because the systems they developed have viscosities and relaxation times suitable for both LAOS and for
OSP. Specifically, Raghavan et al. [38] used a series of mixtures of octyl trimethyl ammonium bromide (C8TAB) and

sodium oleate (NaOA) to obtain both linear and branched
wormlike micelles by both varying the relative ratio of
NaOA to C8TAB or by fixing the ratio of NaOA to C8TAB
and varying the total surfactant concentration. At a fixed
ratio of NaOA/C8TAB of 70%/30%, their shear rheology
measurements showed a maximum in the shear viscosity at
4 wt. % while the elastic modulus of the fluids increased
monotonically with increasing surfactant concentration. Due
to the presence of this maximum in these and a number of
other wormlike micelle solutions, solutions with very different compositions can have identical rheological properties in
shear flow curves. Raghavan et al. [38] hypothesized, and
later demonstrated through cryo-EM imaging, that the maximum in the shear viscosity is due to the transition from linear
to branched micelles [30,40]. Recently, the negative effect of
branching on shear viscosity has been confirmed by molecular dynamics simulations [33]. For these systems, branching
is achieved by adequately screening the surfactant head
groups either through a stoichiometric balance of the oppositely charged surfactant headgroups along the micelle or
alternatively through the release of surfactant counterions
which results in a reduction of the electrostatic double layer
around the micelle [38]. A similar reduction in the shear
viscosity has been observed for reversed micelle systems
with the onset of branching [31,32]. In the experiments of
Palazzo et al. [31,32], a series of reverse micelle solutions
comprised of lecithin, water, and oil were studied with both
shear rheology and PGSE-NMR diffusion measurements
which were able to directly confirm the presence of micellar
branching.
The decrease in the shear viscosity can be attributed to a
new stress relief mechanism applicable only to branched
micelles whereby the branch points are not fixed at a specific
point along the backbone, as it is the case for branched polymers, but are free to slide along the micelles resulting in an
additional stress relaxation mode not accessible in linear systems [36,41]. The branched points formed in wormlike
micelles and their effect on the shear rheology are very different from branched points in polymers, which, because
they are fixed along the polymer backbone, make movement
through reptation more difficult and can dramatically
increase the relaxation time and elasticity of the polymeric
fluids [15].
One place where rheological differences between branching in polymeric liquids and wormlike micelle solutions
have been recently observed is in extensional rheology measurements. In extensional flows of linear and long-chainbranched polyolefin melts with similar shear rheology, the
branched polymers were found to exhibit significantly
enhanced strain hardening in transient extensional flows
[42,43]. The increase in extensional viscosity is a result of
increased chain stretching and reptation tube dilation resulting from the relative difficulty associated with moving a
branched point in flow. For wormlike micelle solutions, the
opposite trend has been observed because as described
above, the branch point does not represent a similar hindrance to flow. It has been shown recently that the presence
of branching in wormlike micelle solutions can reduce and
nearly eliminate strain hardening of the extensional viscosity
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with Trouton ratio approaching the Newtonian limit of three,
Tr ¼ gE =g ¼ 3 [44,45]. In comparison to this, linear wormlike micelle solutions can show Trouton ratios approaching
Tr ¼ 1000 [26,44–49]. In this manuscript, we will investigate
whether other nonlinear rheological measurements can make
similar distinctions between linear and branched wormlike
micelle systems.

II. EXPERIMENTAL
A. Materials
A series of wormlike micelle solutions were prepared with
a total surfactant concentrations ranging from 3 to 6 wt. % by
dissolving the surfactants octyl trimethyl ammonium bromide
(C8TAB) and sodium oleate (NaOA) in deionized water. For
the initial study presented here, the ratio of the two surfactants
NaOA/C8TAB was fixed at 70/30 and the total concentration
was varied from 3 wt. % to 6 wt. %. At this surfactant ratio,
the solutions have been shown to transition from linear to
increasingly branched micelles as the concentration was
increased beyond 4 wt. % [30,40], so that the 3 wt. % 70/30
NaOA/C8TAB solution represents linear micelles, whereas
the 4.5 and 6 wt. % 70/30 NaOA/C8TAB both represent
branched micelles. For the second study presented here, the
total concentration of the surfactants was fixed at 6 wt. %, but
the ratio of NaOA/C8TAB was increased from 70/30 to 85/15.
A similar transition from branched to linear wormlike
micelles was also observed as the C8TAB portion in the ratio
was decreased from 30% to 15%, so that the 6 wt. % 85/15
NaOA/C8TAB represents also a linear micelle solution. To
speed dissolution and insure a homogeneous mixture, the surfactant solutions were mixed with a magnetic stirring bar for
up to 36 h. After the solutions were fully dissolved, they were
allowed to settle at room temperature for at least 24 h before
any experiments were performed to allow air bubbles
entrained during stirring to leave the sample. All shear experiments were performed at a temperature of T ¼ 20  C.
B. Shear rheometry
The LAOS rheology was conducted on a stress-controlled
TA DHR-3 rheometer using a 40 mm 2 aluminum coneplate geometry and a solvent trap at a constant temperature
of 20  C. The orthogonal superposition measurement were
performed using a double wall Couette cell on a TA ARES
G2 rheometer specially modified for the measurements [4] at
a constant temperature of 20  C. Steady shear rheological
measurements were conducted on both rheometers in the
shear rate range of 0.01 to 100 s–1. The small amplitude
oscillatory shear tests were conducted on both rheometers in
the frequency range of 0.01–100 rad/s, with a fixed strain
amplitude chosen to place the measurements well within the
LVE region.
The LAOS measurements were conducted at a strain
amplitude range between 0.01% and 1000% at a frequency
of 3 rad/s. A sufficient number of oscillatory cycles were
run, ranging from 30 to 80, to ensure a steady-state measurement. The nonlinear viscoelastic material parameters,
such as the Lissajous-Bowditch plots, and the nonlinear
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viscoelastic parameters, such as minimum/maximum-strain
dynamic moduli and minimum/maximum-rate dynamic viscosity, were obtained using the Fourier-transform software
application of the TA DHR-3 rheometer. The FT-Rheology
application processes the raw torque signal and extracts
nonlinear parameters from the reconstructed/filtered signal.
The reconstructed stress signal was double checked with
the steady raw stress signal to check for poor reconstruction
of any noisy signal. The data points affected by noise or
inaccurate analysis of TA’s TRIOS software were either
excluded from the manuscript or the nonlinear viscoelastic
parameters were recalculated from the Lissajous-Bowditch
plots. As the LAOS measurements were performed on a
stress controlled rheometer, the data can be affected by
inertia [50]. An oscillatory mapping of the geometry was
performed to compensate for the influence of instrument
inertia. However, when the torque generated by instrument
inertia is large, the rheometer’s compensation routines are
not sufficient to completely eliminate the effect of instrument inertia. To insure high quality data, the relative ratio
of inertia torque to sample torque, Tinertia =Tsample , was
checked for each experimental data point and was found to
be very low, Tinertia =Tsample < 5%, indicating that the influence of inertia on the sample data is very small [50]. Any
experimental artifacts such as wall slip and edge fracture
are identified by examining the intensity of even harmonics
which are sensitive to asymmetric artifacts [51]. For all
cases, the magnitude of even harmonics was found to be
very small.
The orthogonal superposition measurements were performed utilizing the force rebalanced transducer of an
ARES-G2 rotational rheometer. The control loop of the normal force transducer has been modified to generate an axial
motion, orthogonal to the standard angular motion of the rheometer. To create the uniform oscillatory deformation
orthogonal to the main flow direction, a double-wall Couette
geometry has been used (Fig. 1). The sinusoidal shear flow
orthogonal to the main flows is obtained by moving a hollow
bob axially, whereas the tangential steady shear flow is
achieved by rotating the double-walled Couette cup. To minimize pumping flow effects during orthogonal superposition
measurements, openings are made in the inner wall of the
cup that connects with a liquid reservoir in the center of the
cup [4].
Small amplitude oscillatory shear measurements were
performed with zero applied rotation shear rate both in the h
and the z directions (parallel and orthogonal to the rotational
shear direction). The results of these two SAOS measurements were compared to ensure that the orthogonal measurements were accurate and that no anisotropy was introduced
during loading of the Couette cell. Strain amplitude sweeps
in both the h and z directions were performed to ensure a linear response of the wormlike micelle solutions. In all cases,
the applied strain of the z-direction oscillations was less than
5% which was well within the linear regime. Subsequently,
orthogonal oscillations in the z direction with a variable frequency x were superimposed onto steady rotational shear
rates between 0 < c_ rh < 10 s1 .
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FIG. 2. Steady shear viscosity as a function of shear rate for a series of
wormlike micelle solutions including (䊏) 3 wt. % 70/30 NaOA/C8TAB, (䉱)
4.5 wt. % 70/30 NaOA/C8TAB, (䊉) 6 wt. % 70/30 NaOA/C8TAB, and (䉲)
6 wt. % 85/15 NaOA/C8TAB.

III. RESULTS AND DISCUSSION

FIG. 3. Small amplitude oscillatory shear measurements for a series of
wormlike micelle solutions. Included in the figure are storage modulus (solid
symbols) and loss modulus (hollow symbols) as a function of angular frequency for a series of wormlike micelle solutions including: (䊏) 3 wt. % 70/
30 NaOA/C8TAB, (䉱) 4.5 wt. % 70/30 NaOA/C8TAB, (䊉) 6 wt. % 70/30
NaOA/C8TAB, and (䉲) 6 wt. % 85/15 NaOA/C8TAB.

A. Steady shear rheology
The steady-shear rheology of the four wormlike micelle
solutions is presented in Fig. 2. All four samples indicate a
strong shear thinning. For all tested fluids, the shear thinning
response is similar. The decay in viscosity approaches, but
does not reach g / c_ 1 , which would be indicative of shear
banding. Thus, although steady shear measurements are a
nonlinear probe of the fluids, they are not an effective technique for differentiating between linear and branched micelle
solutions.
B. SAOS rheology
In Fig. 3, the small amplitude oscillatory shear rheology
is compared for all four NaOA/C8TAB tested wormlike
micelle solutions by plotting the storage modulus, G0 , and
loss modulus, G00 , as a function of angular frequency, x. For
the tested fluids with 70/30 NaOA/C8TAB, the LVE data can
be fitted well with a one or two mode Maxwell model
G0 ¼

G00 ¼

n
X

gi ki x2

i¼1

1 þ ðk i x Þ

2

;

(12)

2

;

(13)

n
X

gi x

i¼1

1 þ ðki xÞ

where G0 and G00 are the loss and storage moduli, respectively,
ki are the discrete relaxation times, gi are the discrete viscosities and x is the angular velocity. Dividing the viscosity by the
relaxation time, we get the modulus of each mode of the fluid,
Gi ¼ gi =ki . In the fast-breaking limit, where the break-up time
is much shorter than the reptation time, kbr  krep , Cates’
model [52] predicts that the LVE response of these wormlike
micelle solutions can be described by Maxwell fluids with a
single relaxation time that is the geometric mean of the reptation and break-up time, k ¼ ðkrep kbr Þ1=2 . The deviation of the

rheological data from the predictions of the single mode
Maxwell model at large angular frequencies in Fig. 3 corresponds to the Rouse-like behavior of the micelle between
entanglement points [53]. Kern et al. [54] showed that the
break-up time of the wormlike micelles, kbr, roughly corresponds to the angular frequency at which the data deviates
from the predictions of the single-mode Maxwell model.
The zero shear viscosity, g0 ; and the plateau modulus, G0,
derived from a fitted single mode Maxwell model are tabulated in Table I along with the approximate value of the
breakup time, kbr. The shear rheology is in good agreement
with the values presented in the literature for identical systems [38,44]. A maximum in the viscosity data with increasing concentration is observed at 4.5 wt. % after which the
viscosity begins to decrease with increasing total surfactant
concentration. Similarly, literature shows a similar maximum for a total concentration of 6 wt. % surfactant for a relative concentration of 80/20 NaOA/C8TAB [38]. It should be
noted that this maximum in viscosity, which is due to the
transition from linear to branched micelles [30,40], is not
large. So, although it could be used also for the present systems as a descriptor to differentiate between branched and
linear micelles, we want to show in the following how other
nonlinear flows can give a more differentiated picture of this
transition.

TABLE I. Parameters of a single mode Maxwell model fitted to the LVE
data of the four wormlike micelle solutions tested.
Sample name
3 wt. % 70/30 NaOA/C8TAB
4.5 wt. % 70/30 NaOA/C8TAB
6 wt. % 70/30 NaOA/C8TAB
6 wt. % 85/15 NaOA/C8TAB

G0 (Pa)

k (s)

g0 (Pa s)

kbr (s)

8.5
52
100
28

20
19
7.8
0.9

170
990
791
25

0.83
0.17
0.063
-
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Conversely to the shear viscosity, no maximum is
observed in the elastic modulus with increasing total surfactant concentration. The elastic modulus is observed to
increase monotonically with increasing total surfactant concentration. Thus, even as the viscosity passes through a plateau, the theoretical mesh size, fm ¼ ðkB T=G0 Þ1=3 , is
observed to monotonically decrease meaning that the proximity of entanglement points and the density of the wormlike
micelle mesh continue to increase with increasing surfactant
concentration [55,56]. Here, kB is the Boltzmann constant
and T is the temperature. For wormlike micelles, theoretical
predications and experiments have demonstrated that the plateau modulus for an entangled system should increase as
G0 / c9=4 with increasing concentration [37,44]. Finally, we
see an increase in the breakup time with decreasing total
surfactant concentration in good agreement with the literature [44].
C. LAOS rheology
The LAOS behavior of the four wormlike micelle solutions tested is presented in Fig. 4 for an angular frequency of
x ¼ 3 rad/s and increasing percent strain. The fundamental
harmonic moduli, storage, G01 , and loss modulus, G001 , were
found to be independent of percent strain until about twenty
or thirty percent, indicating LVE behavior for smaller deformations. The storage moduli are approximately an order of
magnitude larger than the loss moduli for all the fluids tested,
except the 6 wt% 85/15 NaOA/C8TAB fluid, because the
angular frequency was chosen such that it was beyond the
cross over point in Fig. 3 for each case. Beyond the LVE
limit, the elastic moduli were all observed to decline with
increasing strain, whereas the loss moduli for most cases
exhibited a weak overshoot before declining at large strains.
Such plastic nonlinear behavior at large amplitudes is typical
of weak gels [57] even those that are shear-thinning.
In the nonlinear viscoelastic region, higher harmonic
stresses arise [7]. Although the dominant response was found
to be from the first harmonic, additional insights can be
gained from the response due to higher harmonics contribution. The nonlinear response of the wormlike micelle solutions can be visualized graphically by elastic LissajousBowditch plots. These plots of in-cycle stress versus in-cycle
strain are presented in Fig. 5 for a series of linear and
branched wormlike micelles solutions. As expected, for both
the linear and branched wormlike micelle solutions, in the
LVE limit at small strains, the normalized elastic components of the stress in the resulting elastic Lissajous-Bowditch
plots were found to be straight lines. In the nonlinear regime,
the plots become distorted due to the contribution of higher
order harmonics. It is in the large strain regime that the differences between the linear and branched wormlike micelles
become apparent. For the linear wormlike micelles, both the
3 wt. % 70/30 NaOA/C8TAB and the 6 wt. % 85/15 NaOA/
C8TAB solutions, the nonlinear response at large strains
presents itself as modest distortion in the LissajousBowditch plots resulting from the growth of the third harmonic and an evolution from a primarily elastic to a more
viscous response. Even at strains approaching 1000%, the

FIG. 4. (a) Storage modulus and (b) loss modulus as a function of imposed
strain for a series of wormlike micelle solutions including: (䊏) 3 wt. % 70/
30 NaOA/C8TAB, (䉱) 4.5 wt. % 70/30 NaOA/C8TAB, (䊉) 6 wt. % 70/30
NaOA/C8TAB, and (䉲) 6 wt. % 85/15 NaOA/C8TAB.

distortion from the elliptical shape of the LVE response was
not found to be too dramatic, although we should note that
the Lissajous-Bowditch plots of the 6 wt. % 85/15 NaOA/
C8TAB case showed more distortion than the 3 wt. % 70/30
NaOA/C8TAB solution. A very different response was
observed for the branched wormlike micelle systems. Here,
even at quite modest strains of 50% to 100% significant
departures from the LVE response were observed for both
branched systems with the growth of a strong third and then
fifth harmonic. With a larger surfactant concentration and
similarly a larger likelihood of micelle branching, the deviation from LVE behavior was found to become more pronounced and the onset of significant deviations was observed
to occur at smaller applied strains. At large strains, a strong
strain softening is observed in the Lissajous-Bowditch plots.
As the applied strain was increased, these LissajousBowditch plots became more distorted eventually resulting
in a negative elastic modulus for strains above 400% and
100% for 4.5 wt. % 70/30 NaOA/C8TAB and 6 wt. % 70/30
NaOA/C8TAB, respectively. The negative elastic moduli
have been shown to be related to the stress overshoot that is
often observed in the startup of steady shear flows [2,58].
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FIG. 5. The elastic Lissajous-Bowditch plots showing the normalized total stress (black) and normalized elastic component of the stress (blue) versus normalized strain. The plots are shown for a series of wormlike micelles including: (a) 3 wt. % 70/30 NaOA/C8TAB, (b) 4.5 wt. % 70/30 NaOA/C8TAB, (c) 6 wt. %
70/30 NaOA/C8TAB, and (d) 6 wt. % 85/15 NaOA/C8TAB.

This stress overshoot is a characteristic of materials that
undergo significant microstructural changes [15]. Ewoldt
et al. [2] demonstrated that wormlike micelle solutions,
which can break down and reform under flow, can exhibit a
negative elastic modulus in LAOS. For the systems being
studied here, it appears that one fingerprint of branching
might be the appearance of a negative elastic modulus which
likely results from the additional relaxation mechanisms
(ghostlike crossings and sliding branch points) which are
available to the branched wormlike micelle solutions, but not
to the linear wormlike micelle solutions.
The nonlinearities of the wormlike micelle solutions were
further examined through the local viscoelastic material properties quantified within an oscillatory cycle. The minimumstrain dynamic moduli, G0M , and large-strain dynamic moduli,
G0L , are shown in Fig. 6 as a function of strain amplitude for an
applied angular frequency of 3 rad/s. In the LVE region, these
measures reduce to the first-harmonic storage modulus, G01 , as
expected. In the nonlinear region, for all the wormlike micelle
solutions tested, both G0M and G0L were found to decrease with
increasing strain amplitude which indicates a softening

behavior with increasing imposed strain between oscillatory
cycles. The second apparent difference between the linear and
branched wormlike micelles in LAOS can be observed in the
rate of change of the moduli in Figs. 4 and 6. Here, we observe
a decay rate of nearly G0 branched / c2 for the branched wormlike micelles until an applied strain, beyond which the elastic
modulus of the branched micelle systems becomes negative.
Conversely, the linear wormlike micelles decay at a much
slower rate, roughly as G0 linear / c1 . So it is clear that the
branched wormlike micelles are much more sensitive to the
amplitude of the applied strain. Additionally, with increasing
strain amplitude, the minimum-strain (maximum-strain rate)
modulus, G0M , of the branched wormlike micelles at medium
strain amplitudes was found to decrease more slowly than the
large-strain (minimum-strain rate) modulus, G0L , in the range
where the moduli were positive. For the linear wormlike
micelles, the opposite trend was observed.
The elastic nonlinearities were further examined by the
stiffening ratio, S, plotted as a function of applied strain
amplitude in Fig. 7. In the LVE limits, where the elastic
Lissajous-Bowditch plots appear as straight lines, the
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FIG. 6. Nonlinear viscoelastic measurements including the large strain storage modulus, G0 L (solid symbols), and the minimum strain storage modulus,
G0 M (hollow symbols), as a function of imposed strain for a series of wormlike micelle solutions including: (䊏) 3 wt. % 70/30 NaOA/C8TAB, (䉱) 4.5
wt. % 70/30 NaOA/C8TAB, (䊉) 6 wt. % 70/30 NaOA/C8TAB, and (䉲) 6
wt. % 85/15 NaOA/C8TAB.

stiffening ratio is exactly zero, S ¼ 0. As described in the
introduction, the stiffening ratio given in Eq. (10) describes
whether the elastic modulus softens, S < 0, or stiffens, S > 0,
with increasing strain within an oscillatory cycle. In the nonlinear region, beyond a strain of 20% for the most heavily
branched wormlike micelle system, the LAOS behavior
within an oscillatory cycle was found to be strain-softening,
S < 0, up to a strain amplitude of approximately 100%.
Beyond a strain amplitude of c0 > 100%, the stiffening ratio
was found to become positive and increased to values greater
than S > 10. This dramatic increase in the stiffening ratio
coincides with the observation of a negative minimum strain
moduli, G0 M < 0. Ewoldt and McKinley [58] showed that this
negative minimum strain modulus is a direct result of the nonlinear response of the fluid and the growth of the higher

FIG. 7. Stiffening ratio, S, as a function of imposed strain for a series of
wormlike micelle solutions including: (䊏) 3 wt. % 70/30 NaOA/C8TAB,
(䉱) 4.5 wt. % 70/30 NaOA/C8TAB, (䊉) 6 wt. % 70/30 NaOA/C8TAB, and
(䉲) 6 wt. % 85/15 NaOA/C8TAB.
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harmonics in the data [see Eq. (5)]. They showed that once
the magnitude of the third harmonic of the elastic component
in the data becomes larger than one third the strength of the
fundamental frequency, e3 > 13 e1 , a negative minimum strain
modulus will be observed, G0M < 0 [58]. The response of the
linear systems is again quite different. In the nonlinear region,
beyond a strain of 200%, the LAOS behavior within an oscillatory cycle was found to be only strain-stiffening, S > 0, until
the maximum strain amplitude imposed. This can be observed
in the elastic Lissajous-Bowditch plot in Fig. 5 as a modest
upturn in the stress at large strains. However, the behavior is
in contrast to the large-strain dynamic moduli, G0L , which was
found to soften with increasing imposed strain amplitude as
seen in Fig. 6. This discrepancy is the result of the definition
of the stiffening ratio and can lead to misinterpretation of the
results. The stiffening ratio can be greater than zero, S > 0, if
the large strain modulus, G0L , stiffens more quickly than the
minimum strain modulus, G0M , or if G0M softens more quickly
than G0L . Thus, S > 0 can be interpreted as either strainhardening or strain-rate softening of the material and only
through examination of G0L and G0M can a distinction be made
and the data properly interpreted. For the case of the linear
micellar systems in Figs. 5–7, this means that the intracycle
strain-hardening S increases with strain, but the overall
response of G0L and G0M is a softening of the system with
increasing strain and rate.
In an oscillatory cycle, the strain and strain-rate vary
orthogonally. As a result, within an oscillatory cycle, the
strain rate goes to zero as the strain is maximized and vice
versa. The elastic stress response within a given cycle can
thus be affected by either the varying strain and/or the varying
strain-rate. For the case of these linear wormlike micelle solutions, based on the measurements of G0M and G0L , the dominant
nonlinearity within the cycle is softening with increasing
strain-rate. While for the nonlinearity, the wormlike micelles
is predominantly strain softening until 100% strain for 6 wt.
% 70/30 NaOA/C8TAB and 400% strain for 4.5 wt. % 70/30
NaOA/C8TAB case as indicated by the negative stiffening
ratio. Beyond these strain amplitudes, a clear physical interpretation based on the stiffening ratio could not be made due
to the complex sigmoidal-shaped elastic Lissajous-Bowditch
plots. These complex shapes are associated with a strong elastic nonlinearity [58].
Similarly, the corresponding viscous nonlinearities can be
examined graphically from viscous Lissajous-Bowditch plots.
The in-cycle stress versus in-cycle strain-rate plots of the
wormlike micelle solutions tested are presented in Fig. 8. For
the linear wormlike micelles, the nonlinear response at large
strain rates presents itself as a very slight distortion in the
Lissajous-Bowditch plots resulting from the growth of the
third harmonic. As seen in Fig. 8, the viscous component of
the stress is essentially linear even at the largest strains tested.
The result, as we will demonstrate explicitly in Fig. 10, is little to no thinning or thickening of the viscosity within a cycle.
A very different response was observed for the branched
wormlike micelle systems. Here, even at quite modest strains
of 50% to 100%, a significant departure from the LVE
response was observed with the growth of a strong third and
fifth harmonic in the data. At large strains, a strong thickening
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FIG. 8. The viscous Lissajous-Bowditch plots showing the normalized total stress (black) and normalized viscous component of the stress (red) versus normalized strain rate. The plots are shown for a series of wormlike micelles including: (a) 3 wt. % 70/30 NaOA/C8TAB, (b) 4.5 wt. % 70/30 NaOA/C8TAB, (c) 6 wt.
% 70/30 NaOA/C8TAB, and (d) 6 wt. % 85/15 NaOA/C8TAB.

of the dynamic viscosity was observed within a cycle. As the
applied strain was increased, these Lissajous-Bowditch plots
became more distorted eventually resulting in a secondary
loop and a crossover in the measured stress as a function of
strain rate for applied strains above 100% and 400% for 6 wt.
% 70/30 NaOA/C8TAB and 4.5 wt. % 70/30 NaOA/C8TAB,
respectively. These loops occur with the onset of the negative
elastic moduli seen in Figs. 5 and 6 and are the result of a
stress overshoot. A detailed discussion about these secondary
loops and negative moduli including predictions of these phenomena using a Giesekus model can be found by Ewoldt
et al. [58]. The size and strength of the observed secondary
loops was found to increase with increasing applied strain.
The viscous nonlinearity quantified through the measures,
minimum strain-rate dynamic viscosity, g0M , and the large
strain-rate dynamic viscosity, g0L , are shown in Fig. 9. Both
the measures showed initial mild thickening behavior at
medium strain amplitudes and strong thinning behavior at
large strain amplitudes. For the branched wormlike micelles,
the local dynamic viscosity measures are not presented in
Fig. 9 for strain amplitudes at which secondary loops in the
viscous Lissajous-Bowditch plots are present due to the lack
of clear physical interpretation of those measurements.

However, at least until the onset of the secondary loops, the
nonlinearity of the large strain rate dynamic viscosity, g0L ,
was found to be stronger than the minimum strain rate
dynamic viscosity, g0M . This suggests a thickening of the fluid
viscosity with increasing strain rates. The viscous nonlinearities are quantified using the shear-thickening ratio, T, and
are presented in Fig. 10. As described in the theoretical background section, the shear-thickening ratio given in Eq. (11)
describes whether the viscosity thins, T < 0, or thickens,
T > 0, with increasing strain rate within a cycle. The
branched wormlike micelle solutions were found to thicken
within a cycle much more significantly than the linear wormlike micelles resulting in a maximum thickening ratio, T,
which was nearly three times as large.
D. OSP
OSP measurements were performed for the four wormlike micelle solutions presented in Sec. III. In Figs. 11–14,
the orthogonal storage and loss moduli, G0 ? and G00 ? for
each of the wormlike micelle solutions for several shear rates
up to c_ ¼ 3 s1 and an oscillatory strain of 5% are presented.
The orthogonal moduli were verified against the rotational
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FIG. 9. Nonlinear viscoelastic measurements including the large strain rate
dynamic viscosity, g0 L (solid symbols), and the minimum strain rate
dynamic viscosity, g0 M (hollow symbols), as a function of imposed strain for
a series of wormlike micelle solutions including: (䊏) 3 wt. % 70/30 NaOA/
C8TAB, (䉱) 4.5 wt. % 70/30 NaOA/C8TAB, (䊉) 6 wt. % 70/30 NaOA/
C8TAB, and (䉲) 6 wt. % 85/15 NaOA/C8TAB.

SAOS measurements (Fig. 3) and were found to be consistent within roughly 10%–20% across the entire frequency
range. The differences observed were likely the result of the
pumping flow that occurs during the vertical oscillations of
the Couette fixture. To minimize the effect of the pumping
flow on the rheological measurements, 5 mm tall slits were
machined into the inner wall of the Couette cell to allow
fluid to be pumped into and out of the reservoir at the center
of the Couette cell as seen in Fig. 1 [5].
Starting with Fig. 11 and moving through Fig. 13, the
total surfactant concentration is increased from 3% to 6%
while keeping the relative concentration of the co-surfactants
constant at 70/30 NaOA/C8TAB. With increasing concentration, the wormlike micelle solutions change from linear to
branched. As can be seen from these figures, a number of

FIG. 10. Thickening ratio, T, as a function of imposed strain for a series of
wormlike micelle solutions including: (䊏) 3 wt. % 70/30 NaOA/C8TAB,
(䉱) 4.5 wt. % 70/30 NaOA/C8TAB, (䊉) 6 wt. % 70/30 NaOA/C8TAB, and
(䉲) 6 wt. % 85/15 NaOA/C8TAB.

FIG. 11. Orthogonal superposition measurements of storage and loss modulus for the 3 wt. % 70/30 NaOA/C8TAB wormlike micelle solution for various applied shear rates. The data include: (䊏) c_ ¼ 0 s1 , (䉱) c_ ¼ 0:01 s1 ,
(䉬) c_ ¼ 0:03 s1 , (䉲) c_ ¼ 0:1 s1 , (") c_ ¼ 0:3 s1 , and (3) c_ ¼ 1 s1 .

similarities and clear differences can be observed as one
moves from linear to branched systems. In each case, both
the storage and loss moduli decrease at low frequencies with
increasing applied shear rate. The result is a clear reduction
in the dynamic viscosity measured from the orthogonal loss
modulus as well as a reduction in the relaxation time. These
results are consistent with previous orthogonal superposition
measurements of wormlike micelles in the literature [4].
In all cases, deviations of the moduli from the regular
SAOS results (with no applied shear) begin when the
Weissenberg number is greater than one, Wi ¼ k_c > 1.
Comparing the response of the linear wormlike micelles to the
branched wormlike micelles, it appears that the presence of
branches makes the SAOS more sensitive to the orthogonal
applied steady shear. This can be seen more explicitly in Fig.
15 where the plateau modulus and viscosity, obtained by fitting a Maxwell model to the data in Figs. 11–14, to a
Maxwell model are presented as a function of the applied
orthogonal shear rate. If one focuses initially on the viscosity
dependence, we observe a much larger change for the
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FIG. 12. Orthogonal superposition measurements of storage and loss modulus for the 4.5 wt. % 70/30 NaOA/C8TAB wormlike micelle solution for various applied shear rates. The data include: (䊏) c_ ¼ 0 s1 , (䉱) c_ ¼ 0:01 s1 ,
(䉬) c_ ¼ 0:03 s1 , (䉲) c_ ¼ 0:1 s1 , and (3) c_ ¼ 1 s1 .

branched wormlike micelles with applied shear rate as compared to the linear systems. If one fits the viscosity data with a
power law, one finds a slope of g / c_ 0:35 for the linear
wormlike micelles (3 wt. % 70/30 NaOA/C8TAB) and a slope
of nearly twice that g / c_ 0:68 for the branched micelles
(6 wt. % 70/30 NaOA/C8TAB) with the 4.5 wt. % 70/30
NaOA/C8TAB in between these results. Note that the decay
with increasing shear rate is expected as the underlying
entangled micelle network is being stretched and broken by
the applied shear. Interestingly, if one inspects the steady
shear data in Fig. 4, one observes that no clear distinction can
be observed between linear and branched systems. They decay
with a quite similar power law exponent.
At large frequencies, the effect of orthogonal shear on the
plateau modulus can be systematically studied. Here we see
clear differences between the branched and the linear systems. The plateau moduli of the linear systems in Figs. 11
and 14 were found to be insensitive to applied shear rate.
This is similar to observations made for polymer solutions
[6], but opposed to the measurements made for wormlike
micelle solutions in the past [4]. This observation suggests
that for linear wormlike micelles the orthogonal shear is

FIG. 13. Orthogonal superposition measurements of storage and loss modulus for the 6 wt. % 70/30 NaOA/C8TAB wormlike micelle solution for various applied shear rates. The data include: (䊏) c_ ¼ 0 s1 , (䉱) c_ ¼ 0:01 s1 ,
(䉲) c_ ¼ 0:1 s1 , (3) c_ ¼ 0:3 s1 , and (䉬) c_ ¼ 1 s1 .

deforming the entangled micelle network. If the micelles
were in fact being broken by the applied shear one would
expect a change in the plateau modulus because the plateau
modulus can be directly related to the mesh size of the
entangled micelle network, fm ¼ ðkB T=G0 Þ1=3 . A breakdown
of the micelles and a growth in the mesh size is, however,
observed for the branched wormlike micelle solution. In Fig.
13, we can see a significant reduction in the plateau modulus
with imposed shear rate. The changes of the plateau modulus
with shear rate are explicitly presented in Fig. 15. Note that
in order to obtain the data in Fig. 15, the data from Figs.
11–14 were first fit with a single mode Maxwell model in
order to extract the viscosity, relaxation time and plateau
modulus. For the branched micelles, a change from a plateau
modulus of G ¼ 100 Pa with zero applied shear to G ¼ 70 Pa
at a shear rate of c_ ¼ 1 s1 was observed. The result is a
change in mesh size from 34 to 39 nm which is an increase
of 15%.
Finally, we inspect the minimum in the G00 ? , which we
know can be correlated with the break-up time of the micelles,
kbr  1=xmin . Here, we note that because of the noise in the
data, the exact value of the breakup time as a function of shear
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FIG. 14. Orthogonal superposition measurements of storage and loss modulus for the 6 wt. % 85/15 NaOA/C8TAB wormlike micelle solution for various applied shear rates. The data include: (䊏) c_ ¼ 0 s1 , (䉱) c_ ¼ 0:01 s1 ,
(䉲) c_ ¼ 0:1 s1 , (") c_ ¼ 0:3 s1 , (7;) c_ ¼ 0:6 s1 , (3) c_ ¼ 1 s1 , and (䉬)
c_ ¼ 3 s1 .

rate cannot be precisely determined; however, we should note
that no obvious shift in the breakup time is observed for either
the branched or the linear wormlike micelle solutions even as
the relaxation time derived from fits to the Maxwell model
was found to vary by almost two orders of magnitude in some
cases. Let us take, for example, the case of the branched
wormlike micelle solution. The relaxation time at zero shear
rate is k ¼ 790 s and decays to k ¼1 26 s at a shear rate of
c_ ¼ 1 s1 . Given that k ¼ ðkbr krep Þ2 , this suggests that the
reptation time has decayed by a factor of more than 1000 over
that same range in orthogonal shear rates. Over the same
range of shear rates the reptation time of the linear wormlike
micelle solution (3 wt. % 70/30 NaOA/C8TAB) was only
found to decay by a factor of just 28.

IV. CONCLUSIONS
In this study, two nonlinear rheology tools, OSP and
LAOS rheology, were used to investigate whether a nonlinear rheological signature could be found which demonstrates
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FIG. 15. (a) Plateau modulus, G, and (b) viscosity as a function of shear rate
for orthogonal superposition measurements of a series of wormlike micelle
solutions including: (䊏) 3 wt. % 70/30 NaOA/C8TAB, (䉱) 4.5 wt. % 70/30
NaOA/C8TAB, (䊉) 6 wt. % 70/30 NaOA/C8TAB, and (䉲) 6 wt. % 85/15
NaOA/C8TAB. The values of plateau modulus and viscosity were derived
from single mode Maxwell model fits to the data in Figs. 11–14.

the transition from a linear to a branched wormlike micelle
solution. A series of mixtures of an anionic and a cationic
surfactant, known to produce high viscosity wormlike
micelle solutions, were used. The surfactants were octyl trimethyl ammonium bromide (C8TAB) and sodium oleate
(NaOA). A series of linear and branched wormlike micelle
solutions were obtained by varying the relative ratio of
NaOA to C8TAB at a fixed total surfactant concentration or
by fixing the ratio of NaOA to C8TAB and varying the total
surfactant concentration.
Orthogonal superposition measurements were conducted with varying rotational shear rates in the range of
0 < c_ rh < 10 s1 and superimposing a small amplitude
oscillatory shear flow with angular frequencies varying
from 0.01 < x < 100 rad/s orthogonal to the rotational
shear. The plateau modulus and the relaxation times of linear and branched cases were probed as a function of the
imposed steady orthogonal shear rates. The plateau modulus
and the relaxation-times of the branched wormlike micelle
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solutions were both found to be more sensitive to the
strength of the imposed orthogonal rotational shear flow
than the linear wormlike micelle solutions, both decreasing
with increasing shear rate. This is likely due to the additional stress relaxation mechanism available to branched
wormlike micelle solutions under flow, namely, sliding
branch points and ghostlike crossings, and to the breakdown of the branched structure. This can be directly
inferred from the sharp decrease observed in the plateau
modulus which, from rubber elasticity theory, is known to
be inversely proportional to the cube of the mesh size of
the entangled micelle network. These relaxation mechanisms were also seen in the more than 1000 times decrease
of the reptation time for the branched wormlike micelles at
the largest imposed shear rate. At the same rates a factor of
only 20 was observed for the linear wormlike micelles.
In the LAOS presented in this paper, the angular frequency of the imposed oscillatory deformation was fixed at
x ¼ 3 rad/s and the strain amplitude was increased up to
c0 ¼ 1000 %. In these measurements, both the linear and
branched wormlike micelle solutions exhibited a qualitatively similar trend in the viscoelastic nonlinearities with
increasing strain amplitude. However, the strength of the viscoelastic nonlinearities of the branched wormlike micelle
solutions, both within an oscillatory cycle and with increasing strain amplitude, were found to be significantly larger
than the viscoelastic nonlinearities observed for the linear
wormlike micelle solutions. An obvious difference between
the nonlinear response of the branched and linear wormlike
micelle solutions was found in the Lissajous-Bowditch plots.
As the applied strain was increased, the Lissajous-Bowditch
plots of the linear wormlike micelles solutions were not
greatly affected, however, the Lissajous-Bowditch plots of
the branched wormlike micelle solutions became much more
distorted, eventually resulting in a secondary loop and a
crossover in the measured stress as a function of strain rate
for applied strains above 100%. These loops occur with the
onset of the negative elastic moduli and are the result of
stress overshoot that can be observed in the start-up of shear
flow. The presence of the stress overshoot and the negative
elastic moduli is likely the result of the breakdown of the
underlying wormlike micelles entangled structure. A failure,
which is made more likely due to the added stress relief
mechanisms, namely, ghostlike crossings and sliding branch
points, available to branched wormlike micelles solutions,
but not linear wormlike micelle solutions. Thus, these LAOS
observations are consistent with the physical insights gained
into the evolution of the microstructure of both linear and
wormlike micelles from the orthogonal superposition
measurements.
As both OSP and LAOS probe the nonlinear behavior of
the wormlike micelle solutions, a direct, one-to-one, comparison of the results outside of the linear regime cannot be
made. We will, however, use this space to present what we
feel is an unbiased comparison of the pros and cons of these
two nonlinear rheology techniques. The major positive feature of OSP is also the major negative feature of LAOS; ease
of interpretation. OSP uses the same standard rheological
material properties (storage/loss modulus, plateau modulus,

dynamic viscosity, and relaxation time) that rheologists are
already familiar with and for which they have already
acquired an intuitive feel. As a result, changes to the fluid
microstructure can be directly inferred from variations in
relaxation time and plateau modulus. For instance, in the
case of the branched wormlike micelle solutions studied
here, the variation in the plateau modulus with imposed
shear could be directly correlated to changes in the entangled
network’s mesh size, while the variation in the location of
the minimum in the loss modulus could be correlated to variations in the micelle breakup time. LAOS, on the other
hand, is much more difficult to physically interpret, in part
because it requires the use of a host of new nonlinear viscoelastic material properties. However, because of the wealth
of new material properties and their sensitivity to experimental conditions, LAOS is an excellent tool for making both
qualitative and quantitative comparisons between different
fluids. In LAOS, as in OSP, physical interpretation of the
results can be aided by fitting the predictions of different
constitutive models to the data.
As described in detail above, OSP and LAOS are quite
different nonlinear measurement techniques. Orthogonal
superposition rheology measures the linear response of a
fluid that has been deformed by the imposition of an orthogonal shear flow that has reached steady state. As a result, as
currently implemented, only steady state information can be
retrieved by orthogonal superposition measurements.
Conversely, LAOS can directly probe the transient evolution
of the nonlinear viscoelastic material properties over a very
wide strain and strain-rate space. However, within a LAOS
oscillatory cycle, the strain and strain rate vary orthogonally.
As a result, as the strain is maximized within a cycle, the
strain rate goes to zero and vice versa. Thus, the nonlinear
viscoelastic response within a given cycle can be affected by
the varying strain and/or the varying strain-rate.
Deconvoluting the effects of each on the fluid’s response can
be challenging, but will give insight into whether the
observed nonlinearities are the result of sensitivity to
changes in strain or strain rate. Finally, it should be noted
that typically the LAOS response is only analyzed after tens
or hundreds of oscillation cycles. Thus, in LAOS a steady
state response is also achieved and as a result only evolution
in the fluid structure that can be built up and broken down
over an LAOS oscillation cycle can be probed.
Finally, we discuss the implementation and availability of
each technique. Here, LAOS has a clear advantage as it is
commercially available on most major rheometers with analysis software included or available for free download
(MITlaos). On the other hand, until the recent release of the
TA instruments fixture, orthogonal superposition was only
available through custom built systems. Orthogonal superposition is limited by the sensitivity of the normal force transducer, the quality of the instrument calibration and the
pumping flow that results from the axial oscillations to fluids
with moderate to high viscosities. LAOS is also limited by
the sensitivity of the torque transducer and by the inertial
effects for controlled stress rheometer to moderate to high
viscosity fluids and moderate to low frequencies. Finally, it
should be pointed out that the post processing of LAOS data
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can be quite time consuming and the quality of the data is
often masked by the rheometer software. As a result, double
checking of the raw data for each experiment is critical.
In conclusion, we believe that both LAOS and OSP are
excellent tools for probing the nonlinear response of a viscoelastic fluid. Each has its strengths and weaknesses. The technique that one chooses must therefore depend on one’s
rheological needs and the availability of the experimental
instrumentation.
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